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Introduction
The purpose of this work is to show how a series of labs can be used to provide students with a process that will allow them to become efficient and effective users of commercial finite element software. The series of labs starts with the study of the beam theory and analytical solutions for deflections and stresses of a cantilever beam that can be used as "exact solutions". Then a solution for the same problem is obtained implementing the finite element method (FEM) in a Matlab code. This ensures that students understand the basic concepts of the FEM. The next step is to use different types of elements in finite element analyses (FEA) implemented in commercial software. Advantages of simple elements must be identified by students. Convergence of results towards exact values as the number of degrees of freedom in a finite element model is increased must also be noted by students. Finally, experiments are carried out to validate the FEA results. Thus, this work presents a well-integrated "lab example" that includes Matlab programming, finite element modelling and use of commercial FEM software, as well as physical verification using test equipment and sample beam.
The finite element method (FEM) is an engineering tool that allows solving several types of engineering problems. The FEM consists in discretizing a continuum into small finite elements and gives approximate solutions of boundary value problems for partial differential equations. The FEM is a way to define engineering problems in matrix form, which represent a set of linear algebraic equations.
It is relatively easy to create a mesh of finite elements using models created in computer aided engineering (CAD) software in earlier steps during the design process. More recently the geometry of the model can be obtained from a Magnetic Resonance Imaging (MRI) scanner, a Computed Tomography (CT) scanner or a laser scanner. The FEM is the major component of the Design and Analysis of Mechanical Systems course offered at Robert Morris University.
To prepare students to work efficiently and effectively in the industry using commercial FEM software it is necessary to  Understand the theory and equations of the type of problem to be solved e.g. solid mechanics, heat transfer, vibration, etc.  Recognize that solutions obtained by hand of simple problems can be used to check that the finite element analysis was set up correctly  Understand the basics of the FEM, including convergence of results as the number of degrees of freedom increases  Have knowledge and experience using different types of elements and their corresponding advantages and disadvantages  When analysis involves a very complex geometry, it is necessary to confirm the results of the virtual prototype carrying out experimental tests with a real prototype. It is important to mention here that in the industry, the production line only starts after experimental tests confirm that the design follows all engineering specifications.
With the above goals in mind, a series of labs was developed to solve for the deflection and stress of a cantilever Euler-Bernoulli beam under a single point load as shown in Figure 1 . For this problem, consider the following geometric properties: length 550 mm, height 12.7 mm (0.5 in) and thickness 63.5 mm (2.5 in) . A load equal to m=4.53 kg (10 lbs.) is applied 32.5 mm from its free end as shown in Figure 1 . Consider the Young Modulus E of the beam to be equal to 70 GPa and gravity to be equal to g=9.81 m/s 2 . Figure 1 . Cantilever beam under a concentrated load.
The approaches covered in this course to solve for the deflection and stress of the cantilever Euler-Bernoulli beam under a point load as shown in Figure 1 were  Analytical solution. This gives a theoretical "exact" result and aims to provide all necessary background to fully understand the beam theory and its use to solve the problem. Two approaches are presented. The first approach uses the double integration of the bending moment, and the second approach used the Rayleigh-Ritz method.  FEM using Matlab. This approach provides a tool to assess that students have understood the basics of the FEM. How to build a global stiffness matrix, apply loads and boundary conditions, and solve for displacements and stresses.  FEM using Abaqus student version (limited to 1000 nodes). Convergence with respect to the number of degrees of freedom is investigated using two types of elements The author recognizes previous works 1, 2, 10 that include the FEM and testing. Although there are similarities between previous works and the present work, the idea here is a little bit broader, at least with respect to the objective of helping students to become effective and efficient finite element analysts. In this work, different types of solutions are produced: analytical, FEA and experimental results. FEA include the use of different types of elements. The idea of using Abaqus and HyperMesh/Optistruct instead of SolidWorks as in previous publications to teach FEM is very appealing to the author. This is because Abaqus and HyperMesh/Optistruct are specialized FEA software, while SolidWorks is a mainly a CAD software with FEA capabilities.
It must be clear also that other software and hardware than those cited in this work can be used to perform the same finite element analysis and experimental tests.
Content of the proposed set of labs
The proposed set of labs described below are carried out after students have covered the basics of the FEM and are able to solve problems using spring, bar and beam elements.
Analytical solutions. Double integration method
After a review of the beam theory 9 , students are shown how to derive an equation for the deflection of the beam using the double integration method 9 (as they probably did in a "strength of materials" course). Thus, considering the bending moment of the beam to be M = −Fx Knowing that the deflection of the beam can be obtained from the relation
Integrating we get an equation for the slope of the beam
Using the boundary conditions of the problem at x = L, = 0 andat x = L, y = 0 From the first boundary condition and the equation for the slope of the beam we get
From the second boundary condition and the equation for the deflection of the beam we get
The equations for the slope of the beam and the deflection of the beam y are
The stress σ can be obtained from the bending moment at x and the flexural equation. Clearly in this case the maximum bending moment occurs at x=L σ = My I Where y is the distance from the neutral axis to the point of interest and I is the second moment of area For the cross-section of the given beam I = width * height 12
Deflection and stress analysis using the Rayleigh-Ritz method A second approach to calculate the deflection and stress of the beam is to use the Rayleigh-Ritz method (RRM). The RRM is an energy method that consists of carrying out a minimization (partial derivatives with respect to the unknown coefficients) of the energy terms involved in the problem. This minimization gives equations to calculate the terms of the necessary matrices to solve the problem. It is possible to obtain the deflection of a beam using the modes of vibration in the mode summation method presented by Thomson 6 . Thus, to find the displacement of the beam natural frequencies and modes of vibration must be computed solving the generalized eigenvalue problem below:
is the mass matrix, ω is the frequency of oscillation, {c} is a vector of unknown coefficients and {0} is the null vector. The stiffness matrix is obtained from the strain energy of the beam defined as 7 :
V = EI 2 Where EI is the flexural rigidity of the beam. Similarly, the mass matrix of the beam is obtained from the minimization of the kinetic energy of the beam defined as 7 :
Where is the density of the material, is the cross-sectional area of the beam and is the deflection shape of the neutral line of the beam that can be expressed in terms of the set of admissible functions as
Where represent the set of admissible functions that in the classical Rayleigh-Ritz method satisfy the boundary conditions of the problem. For the problem at hand consider the following set of admissible functions:
The minimization of the strain energy gives the terms of the stiffness matrix defined as:
Where the double prime indicates the second derivative with respect to x. The terms of the mass matrix are defined by
The modes of vibration can be calculated from the generalized eigenvalue problem given earlier.
The eigenvalues are the square of the circular natural frequencies, while the eigenvectors give the unknown coefficients of the deflection shape of the neutral axis. The modes of vibration can be now calculated using
Neglecting damping the forced motion of a linear n-degree-of-freedom system is given by the non-homogeneous equation of motion Modifications to the code are made to define the loading vector, apply boundary conditions, and solve for the displacements. Then, gather only the values corresponding to the deflection of the beam and plotting deflection against location of the nodes. This approach allows assessing the understanding of the students of the FEM, including the process needed to define the element stiffness matrices, their contribution to the global stiffness matrix, and keeping track of the location and type (translational and rotational) degrees of freedom.
FEM using beam elements in Abaqus student version.
The procedure to carry out the finite element analysis in Abaqus 3 using beam elements consists of a) Defining the geometry of the beam with two lines. One line from the free end to the location where the load is applied, and a second line from the location of the load to the constrained end of the beam. b) Defining the profile of the beam c) Defining material properties (Young's modulus and Poisson's ratio). d) Defining a beam section e) Assigning the section to the beam geometry and the beam section orientation f) Creating an independent instance g) Seeding the instance with a size equal to 0.5 to create a mesh with only two elements. h) Create mesh using linear beam elements (B31: A 2-node linear beam in space) [Abaqus] . i) Create a step -static general case j) Apply boundary conditions and loads k) Create and submit a job l) Post-processing. The data needed to write the report are: element type and description, number of elements, number of nodes, number of active degrees of freedom, location of nodes, deflection at the nodes, and stresses in the elements. m) Change element type to a quadratic beam element B32, create a job, submit a job, and postprocess. n) Comments on the accuracy of both Abaqus FEA compared to exact results must also be included in the report
FEM using brick elements in Abaqus student version.
The procedure to carry out the FEA in Abaqus using beam elements is a) Define the geometry of the beam and surface where load will be applied b) Define material properties (Young's modulus and Poisson's ratio) d) Define a section e) Assign the section to the beam f) Create an independent instance g) Seed the instance h) Create mesh using hexahedron elements (C3D8R: An8-node linear brick, reduced integration, hourglass control) [Abaqus] . i) Create a step -static general case j) Apply boundary conditions and loads k) Create and submit a job l) Post-processing. The data needed to write the report are: element type and description, number of elements, number of nodes, number of active degrees of freedom, location of nodes, deflection at the nodes, and stresses in the elements.
Students must address the difficulties to create a finite element model that produces converged results using the Abaqus student version for this simple geometry. The maximum number of nodes that can be defined in Abaqus student version is 1000. 
FEM using brick elements in

Stress
Stress of the beam was measured using a ¼ bridge strain gage as shown in Figure 3 , connected to a Quantum X (HBM) DAQ and the output was visualized on a laptop with catman (HBM) software installed Use Hooke's Law below to calculate the stress σ of the beam at the location of the strain gages and compare the results with the exact results given in Section 1.1 σ = Eϵ where E is Young's modulus and ϵ is the strain.
Objectives of the course
The main objectives of the course are a) Understand the basics of the FEM, engineering mechanics and failure prevention b) Gain experience setting up FEA in commercial finite element software, including use of different types of elements, comparing FEA results with expected results and checking convergence of the analysis refining the mesh. c) Gain experience setting up experimental tests to validate the results.
The following ABET outcomes 5 are applicable for this course according to the existing course description: a) An ability to apply knowledge of mathematics, science, and engineering c) An ability to design a system, component, or process to meet desired needs within realistic constraints such as economic, environmental, social, political, ethical, health and safety, manufacturability, and sustainability e) An ability to identify, formulate, and solve engineering problems
Assessment of the labs
Written reports will be used to evaluate students, as well as the outcomes of their practical work. One report is required for each lab to pace the progress of students and help providing feedback to students more frequently. The content of each report is
To ensure learning and teaching success, it is important that students present their results in writing in an organized way together with comments and observations. Conclusions will also be used to analyze if students grasped the main concepts of the labs. In addition, project-related questions will be included in the exams to gauge student learning.
The rubric used to assess the work of the students is given in Table 1 . There is understanding about the convergence of the method as the number of degrees of freedom is increased. But different seeding and partition techniques are not used.
There is lack of understanding about the convergence of the method as the number of degrees of freedom is increased.
1.5 FEM using brick elements in HyperMesh/ Optistruct ABET Outcome c
There is understanding about the convergence of the method as the number of degrees of freedom is increased. Results using different mesh sizes are used to ensure convergence of the method.
Either results using different mesh sizes did not converge or results obtained do not agree with expected results.
There is lack of understanding about the convergence of the method as the number of degrees of freedom is increased. 
Conclusions
With this project, the author aims to improve students' skills to perform FEA using commercial software with labs that ensure that students understand that selecting the right element type is a very important factor in the finite element analysis. Simpler elements in many cases can lead to more accurate results and reduce computational cost. This has been shown in the labs suggested here, but also applies to modeling thin plates using shell elements in complex structures. Also by carrying out computational experiments setting up analysis using different elements, which results can be compared with exact results, students can gain confidence to become efficient and effective users of commercial FEM software. Students received an average grade of 92.4% in the hands-on projects, while the average of the final exam of the course was 76.2%. This data shows that students put more effort in the labs than in the theoretical part of the course. Experimental results were obtained with students working together to get overall better results.
